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Abstract—There are some errors in the direct boundary-integral equation formulation in terms of
displacements or velocities, of problems in planar elastoplasticity and thermoelastoplasticity that have been
recently reported in the literature. In particular, lack of proper care in reducing the correctly formulated three
dimensional problem to the case of plane strain has resulted in incorrect expressions for certain kernels that
appear in the integral equations. A correct direct boundary-integral equation formulation for the plane strain
problem in thermoelastoplasticity is presented in this paper.

Several researchers[1-6] have used the boundary-integral equation method to solve problems in
solid mechanics including elastic, plastic and, in some cases thermal strains. In these problems it
is assumed that the total strain rate é; can be decomposed according to the equation

=€+ én+ €y M
where € is related to the stress rate o; by Hooke’s law, €4 is the plastic strain rate and €} = T8,
is the thermal strain rate. Here o is the coefficient of linear thermal expansion, T is the

temperature, §; the Kronicker delta and, for a typical variable, ¢ = (3q/dt) = (dq/dt) where t is
time. The total strain rate is related to the displacement rate &, by the kinematic relation

éij = (di,j + dj'j )/2 (2)
The plastic strain is usually assumed deviatoric so that
=Nt éLteés=0. 3)

Combining (1), (2) and (3) with Hooke’s law and the equations of equilibrium, we can write
Navier’s equations for the three dimensional problem as
F,
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Uiji +1——2v_ Ui = — G +2€5;+

20+v)
=7 aT.,. 4

where F, is the prescribed body force per unit volume, » is Poisson’s ratio and G the shear
modulus. The boundary conditions usually comprise prescribed displacements on some parts of
the surface and prescribed tractions on the rest although mixed-mixed problems can also be
considered.

The boundary-integral formulation for the three dimensional problem gives a solution of (4) in
the form[1,2]

u(p)= L [(Us(p, Q)7(Q) - Ty (p, Q)i (Q)1 dSe

[ U 0B@dVe+ [ 5w eb@ sel@leVe O

where 1; is the traction vector, V is the volume of the body, S its surface, and P and Q are
surface points and p and q are interior points respectively. The kernels Uy, T; and 3, are
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obtained from the solution to Kelvin’s problem of a point load in an infinite elastic body and are
given in Refs. [1, 2] and other papers, Please note that eqn (5) and the definition of 3, in this paper
conform to Mendelson|2].

The stress rates are obtained by differentiating (5) at a load point and using

. S 2Gv . . 1+ :
oy = Gty + ":.i)‘i“l__‘_"‘;_v Uy By — 2(G€§+ G(-I—_'*EV;)QT&,). 6

The result is
¢4(p) = f [Vie (@, Q) #(Q) - Tuep, Q)i (Q)] dSo
+[ Vo 9@ V. - 26¢80) - 3KaT ()3,

+ ] 3P, DIELQ) + buaT ()] AV, %)

where K is the bulk modulus

Vie = — zm (8)
3 --—-——C—;————[3(1~2v)(8s Syt Ousisy)
ikl —4“(1_ V)s3 i kO ¥ (SOMES]
+30(8us ;8 + B85, + BucS 48y + s 18 1) — 155,5 ,548 4
+ (1= 20)(8uby + 8pdu) — (1 — 4w)8ybu ] ®
T = zsmne (10)

s is the distance between two points p and g, 5, = (3s/dx,|,), the differential at a field point and n,
is the outward unit normal to the surface S. In all the above formulae, the range of subscripts, of
course, is 1,2, 3.

What we have presented so far here is well known. The difficulty arises, however, when we
want to determine analogous formulae for plane strain (e.. = 0). It is here that there are errors in
the literature [2-4] and it is the purpose of this paper to point these out and correct them.

The case of plane strain (e,, = 0)
Navier’s equations for the displacement rates have the same form as (4) with i, j, k = 1,2. The
boundary-integral formula analogous to (5), however, now becomes

li(p) = ] [Us(p, Q)3(Q)  Tu(p, Q)i (Q)1dCo + L Uy(p, 9)F;(q) dA,
+ Bl 040 + 2. DBl @144, Gik=12) (D

where A is the area of cross section of the body, C the boundary of A, and the kernels are given
by

U’H = _m [(3 ""411) Ins 5ij - S,is,j] (12)
T,= _m {[{1 —20)8y +25.45,] %f—m - 2)(s,m ~ S.:"i)] 13)

21&1 = —z‘;(Tl’:;')‘; [(1=20)(8yS s + Bus ;) — BpSs + 258,841 (14

ﬁﬂd = ""“'_—1"""““' [(1 - 2v)(8us,k + 81:13,;) - (1 - 31))8”‘3"; + 23,15,13," ] (15)
4o (l~»)s
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Also, let us note that the kernel used in [2] from Kelvin’s solution is

1

2 =T =)

[(1 - 2V)(6(js_k + 8.‘,-8_; - 8,-ks,.-) + 2s,is_,s,k]. (16)

This can be proved in two ways.
Proof one. Proceeding as in Mendelson[2] we can show that at an interior point

=f (U;,'i,-—Ti,u,)dC+J' U,F, dA
C A

L2601+ .
+ fA [2GU.,k éh+ (1(—2:;1;) U,uaT] dA. a7

Using the symmetry of plastic strain
. 1 .
2GUu€f= ZG[E (Uya + UM)]Eﬁ

and since 8; is symmetric and 88 =2

(1+v)

2G(l -2v)

Ui = 26[ Uys + Unj)+ 57— Ua lajk] Sk

3y
2(1-2»)

Recalling from Kelvin’s elastic solution the equation

S = 2G[ (Ui + Uny) + ( )Un 15&]

and defining the coefficients of €% and & in the above equations as im and im respectively, we
obtain

_2Gv_

i,‘u =2uu' ( ~2y )

l]ll lslk
(18)

iﬂd = ziu +(_‘Q2—) il 18]k

Some further algebraic manipulation gives (14) and (15).

Note that the contribution of 3 —3u in (11) does not vanish, since, for plane strain,
é}},&,k = é‘l’l + é‘z,z # 0

Proof two. This follows the method outlined by Swedlow et al.[1] and by Mendelson in the
Appendix of [2].

Swedlow et al.[1] note correctly that for the three-dimensional problem

[ oteiav- [ eteav Gi-123 20)
V-V, V-V,

where the starred fields refer to Kelvin’s elastic solution and V, is a small sphere surrounding the
load point p. For the plane strain problem, however, even though (6) is true with i, j = 1,2; (20) is
no longer true. This is because, using (1), (2) and (6) we can immediately prove that

2Gv ..

gy = 2Gé;‘;+meuas,,- + (l2Gv )(ekk aT)éy (i,i,k=12) 2n

and of course the starred field, which is the solution of an elastic problem, satisfies a similar
equation with the last term in the right of (21) set to zero. Thus, (20) assumes the new form
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f otesdA=[  eto,dA —( 26y )f (n—al)et dA (i ki=12).
A Ay A-A, -2 A-A,

(22)

The last term in (22) can be written as

_( 2GV )ekf ng ;E,;s,} dA +( GV )ek] Uk&.ﬂT&ﬁﬁ
1- 21’ A—-Ae 2 A=A

where e, represents a traid of orthogonal unit vectors at the load point in the Kelvin problem
along which directions loads are applied.

When these terms are included in Mendelson’s proof in [2], we obtain (11) with the
appropriate kernels given by (18) and (19).

The stress rates are obtained by direct differentiation of (11) resulting in

¢4(p) = f (Ve (> Q)3 (Q) - Tyn (p, Q)i (Q)] dCo
4 f Vae(p, )Fe(q) dA, —2Gexp) - 3KaT(p)5,

+ Sw. 00 a4, + [ fu.aual@ds,  Gikl=12) @)

where
Vix = Emt (24)
T = Eii&!ni (25
G
iijkl = Siﬂd + m {41’3 ) .}31:1 - 21’5&8&:} (26)
S = St e (w5 B + 98y 27
ik = ikt Zw(}—v)sz{ V8 i 18 + vBybu} 2n
Tim = G 200 =20 )X8y5 8.1 + 8us .5 ;)
ifkl ZW(I_V)Sz i ks L f
+ 211(84,-s,,-s,,‘ + 8,ks_,s,,- + 5,1‘5.15_; + 6]1.9_.'5*) - Ss_gs.js,ksd
+ (1= 2v)(Budy + 8ybu) — (1 — 4v)8;6u]. (28)

The case of plane stress (0.. = 0)
The case of plane stress is included here for completeness. Navier’s equation for displacement
rate for plane stress has the form[2]

. 1+v\. _ F .., 2v .,  Al+w) —_—
ui,,,.+<—]_v)uk,ki_ Gt e et Gik=1D. 09)

The solution for the displacement rate has the same form as (5) (with the range of subscripts
1,2) and the kernels Uy, T; and 2, are given by (12), (13) and (16) respectively with » replaced
by v =v{(1+v),

The stress rate equation assumes the form

aylp)= L [Vadp, @)1 (Q) — Tipp, Q@)1 dCo + L Va(p, 9Fc(q) dA,
+ L Sau(p, QLEMq) + 8uaT(q)] dA,

~2Gédp) - (ZG”) 2Dy ~ ( 26 )aT(p)b‘,; Gikl=12) 30)
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where the kernel %, has the same form as (28) with v replaced by » and, as before,

Vaﬂc = - Ei]k (31)
Tak = Ewﬂc- (32)
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